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We develop the complete theory for non-Abelian braiding of Majorana Kramers’ pairs (MKPs) in
time-reversal (TR) invariant topological superconductors. By introducing an effective Hamiltonian
approach to describe the braiding of MKPs, we show that the non-Abelian braiding is protected
when the effective Hamiltonian exhibits a new TR like anti-unitary symmetry, which is satisfied if
the system is free of dynamical noise. Importantly, even the dynamical noise may not cause error in
braiding, unless the noise correlation function breaks a dynamical TR symmetry, which generalizes
the TR symmetry protection of MKPs to dynamical regime. Moreover, the resulted error by noise
is shown to be a higher order effect, compared with the decoherence of Majorana qubits without
TR symmetry protection. These results show that the non-Abelian braiding of MKPs is observable
and may have versatile applications to future quantum computation technologies.
PACS numbers: 71.10.Pm, 74.45.+c, 74.78.Na, 03.67.Lx
Introduction.–Majorana zero modes (MZMs) are self-
hermitian quasiparticles which can exist in the ends
of a one-dimensional (1D) topological superconductor
(TSC) [1] and the vortex cores of a 2D TSC [2]. Due
to the self-hermitian property, a single MZM has no well
defined Hilbert space spanned by usual complex fermion
quantum states. Instead, a complex fermion mode, whose
Hilbert space defines a single qubit and is spanned by
two fermionic quantum states |0〉 and |1〉, can be formed
by two independent Majorana quasiparticles. This fol-
lows that a single Majorana mode has an irrational quan-
tum dimension
√
2 [3]. The non-integer quantum dimen-
sion leads to an exotic property, namely, the non-Abelian
statistics for the MZMs [4–7], which is the essential mo-
tivation in the recent years of extensive studies of TSCs
in condensed matter physics, see e.g. refs. [8–19].
The non-Abelian statistics of MZMs has been mostly
considered in the chiral (class D) TSCs, where the iso-
lated MZMs can be braided to demonstrate non-Abelian
operations. In contrast, in a time-reversal (TR) invariant
(class DIII) TSC, the MZMs come in pairs, referred to
as Majorana Kramers’ pairs (MKPs) due to the Kramers
theorem [20–27]. The TR symmetry protection is an es-
sential ingredient in the DIII class TSCs, which gener-
ates many interesting new physics. Especially, it was
proposed recently that the braiding of MKPs is non-
Abelian [28], and thus may be applied to quantum com-
putation [29–36]. Nevertheless, while the MKPs are pro-
tected by TR symmetry, by definition the non-Abelian
braiding of them excludes the local operations on each
single MKP [28], which cannot be achieved solely by
the TR symmetry protection [36]. Thus the important
fundamental and realistic questions arise. First of all,
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what are the sufficient symmetry conditions for the non-
Abelian braiding of MKPs? Moreover, how well such
conditions can be satisfied in the proposed typical TR
invariant TSCs? Answering the two questions shall com-
plete the definition of symmetry protected non-Abelian
braiding of MKPs and show the potential feasibility of
applying such new type of non-Abelian physics to future
computation technologies.
In this work, we develop the complete theory for non-
Abelian statistics of MKPs in TR invariant TSCs. We
find that the ideal non-Abelian braiding of MKPs is
protected when the effective Hamiltonian, introduced to
describe MKPs’ braiding, exhibits a new TR like anti-
unitary symmetry. We show that this symmetry can be
well satisfied except that the system has dynamical noise
which breaks the dynamical TR symmetry, but results
in only a higher-order error in the braiding, compared
with the decoherence of Majorana qubits in chiral TSCs
caused by dynamical perturbations. We confirm our find-
ings with analytical and numerical results.
MKPs’ braiding.–A MKP can exist at an interface be-
tween topological and trivial regions of a 1D TR invari-
ant TSC. Shifting the topological and trivial interfaces
through tuning chemical potential can transport MKPs,
as an essential step to braid MKPs [7, 28]. While the non-
Abelian statistics of MKPs are fundamental and model
independent, without loss of generality, for the concrete
study we consider a generic single-band 1D TR invariant
TSC described by
H0 =
∑
〈i,j〉,σ
t0c
†
iσcjσ +
∑
j
(±αRc†j↑cj±1↓+ ∆pcj↑cj+1↑
+∆∗pcj↓cj+1↓ + ∆scj↑cj↓+h.c.)−µ
∑
jσ
njσ, (1)
where σ =↑, ↓, µ is chemical potential, and t0 denotes
nearest-neighbor hopping between i and j sites. The p-
wave (∆p) and s-wave (∆s) pairing orders, and Rashba
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2SO coupling (αR) have been taken into account. The sys-
tem is in topological regime for |∆p| > |∆s| and |µ| < 2t0,
while it is trivial if |µ| > 2t0 [28]. The total braiding
Hamiltonian can be written as H(t) = H0 + δH(t), with
the time-dependent term δH(t) denoting the braiding
manipulation which can be achieved by tuning chemi-
cal potential. By definition the non-Abelian statistics of
MKPs exclude local operations on each MKP [28], and
necessitate symmetry protection. Below we show first the
sufficient conditions for non-Abelian statistics of MKPs.
The first condition is the TR symmetry. Note that
the braiding of MKPs can be physically performed by
tuning gate in a trijunction formed by 1D TR invariant
TSCs. The process can be described by the total braiding
Hamiltonian H(t), where the time −T/2 ≤ t ≤ T/2 with
T the braiding period. To ensure that the system has
MKPs during the braiding process, we require that the
Hamiltonian satisfies TR symmetry at each time, namely,
T H(t)T −1 = H(t), (2)
where T = iσyK, with K being the complex conjugate
and Pauli matrix σy acting on spin. Under this condition
the instantaneous MKPs exist in the ends or the interface
between topological and trivial regions of the TR invari-
ant TSC. The two MKPs under braiding are denoted as
γ1(t), γ˜1(t) and γ2(t), γ˜2(t).
The second condition for the non-Abelian braiding is
the adiabatic condition, which is necessary for generic
non-Abelian braiding of MZMs rather than solely for the
MKPs [7], and is quantified by T  1/Eg, with Eg the
bulk gap of the TSC. Under this condition, the Majorana
modes are decoupled from the excitations beyond the
bulk gap. Then the braiding operation can be captured
by the evolution in the Majorana subspace, given by
{|γj(t)〉, |γ˜j(t)〉}T = Tˆ e−i
∫ t
−T/2H(τ)dτ{|γj(0)〉, |γ˜j(0)〉}T .
Here Tˆ represents the time-ordered integral. In the adi-
abatic regime, we can facilitate our study by introducing
an effective Hamiltonian to describe the braiding process
HE(T ) = iT
−1 log
[
Tˆ e
−i ∫ T/2−T/2 dτH(τ)]
= iT−1 lim
∆t→0
log
[
e−iH(T/2)∆te−iH(T/2−∆t)∆t
· · · e−iH(−T/2+∆t)∆te−iH(−T/2)∆t]. (3)
Then the braiding operation reads U12(T ) = e
−iHE(T )T .
To discover the sufficient symmetry condition of the orig-
inal Hamiltonian H(t), a difficult task, for the non-
Abelian braiding can be reduced to study the symme-
try condition of the effective one HE(T ), which can be
represented by the four Majorana modes. In the follow-
ing we shall see the explicit advantages of the effective
Hamiltonian approach proposed here.
We proceed to introduce the last symmetry condition
for the non-Abelian statistics. From the relation (3)
we note that in general the symmetries respected by
H and HE are different. It can be shown that the
charge conjugation symmetry, sending the Hamiltonian
to CH(t)C−1 = −H∗(t), is also respected by HE as
CHE(T )C−1 = −H∗E(T ). However, the TR symme-
try in Eq. (2) is generically broken in HE according to
Eq. (3) [37]. Our key purpose is to introduce a new TR
like symmetry which is respected by the effective Hamil-
tonian. If we define a Majorana swapping operator Sˆ as
Sˆγ1(2)Sˆ
−1 = γ2(1) and Sˆγ˜1(2)Sˆ−1 = γ˜2(1), and it sends
that SˆH(−t)Sˆ−1 = H(t), we can easily prove thatHE(T )
satisfies
ΘHE(T )Θ
−1 = HE(T ), (4)
where Θ = T Sˆ is a TR like anti-unitary operator. With
this symmetry condition the non-Abelian braiding of
MKPs can be rigorously obtained.
Together with the charge conjugation and the new TR
like symmetries, the effective Hamiltonian must take the
following generic form
HE = i1γ1γ˜1 − i1γ2γ˜2 + i2γ1γ2 + i2γ˜1γ˜2, (5)
where 1,2 are parameters to be determined by the defi-
nition of braiding. Then, in the basis {γ1, γ˜1, γ2, γ˜2} the
operation for the single braiding is obtained by
U12 =

cos T 1 sin T
2 sin T
 0
− 1 sin T cos T 0 2 sin T
− 2 sin T 0 cos T − 1 sin T
0 − 2 sin T 1 sin T cos T
 ,
with  = (21+
2
2)
1/2. Note that braiding exchanges MKP
positions γ1, γ˜1 ↔ γ2, γ˜2, which forces cos T = 0 and
1 = 0. It follows immediately that sin T = 1 (or −1)
and U12γj = B12γjB−112 (similar for γ˜j), where
B12 = exp(−pi
4
γ1γ2) exp(−pi
4
γ˜1γ˜2) (6)
renders the symmetry-protected non-Abelian braiding of
MKPs [28]. It can be seen that the above proof is not
restricted by any specific Hamiltonian. Thus the non-
Abelian statistics of MKPs are valid if only the above
symmetry conditions are satisfied.
Static disorder effect.–After presenting the generic
symmetry protection of non-Abelian statistics of MKPs,
it is instructive to know how well these conditions be
satisfied in the typical TR invariant TSCs. We consider
the following situation that, the time-dependence of the
braiding Hamiltonian δH(t) solely comes from the adia-
batic parameter manipulation, e.g. the gate control, for
the braiding. The system can have static disorders, but
has no dynamical noise. In this case, during the braiding
the statistic disorder can in general bring about local ro-
tation on the MKPs, with, however, the rotating angles
for γ1, γ˜1 and γ2, γ˜2 being opposite (details are found
in the supplementary material [37]). Thus, a generic
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FIG. 1: (Color online) Non-Abelian braiding of MKPs im-
mune to static disorder scattering. (a) Sketch of the braid-
ing process, with 1, 2, 3 denoting the sequence of transporting
MKPs by gate control. (b-d) Evolution of MKP wave function
in a full braiding with different disorder strengths W0 (in unit
of bulk gap Eg). The non-Abelian braiding of MKPs is con-
firmed by that the magnitude η(t) = 〈γ1(0)|γ1(t)〉|t=2T = −1
after a full braiding at t = 2T (similar for other Majorana
modes) [7, 39, 40]. The adiabatic condition is satisfied in
that ζ(t) =
∑
j=1,2[|〈γ1(t)|γj(0)〉|2 + |〈γ1(t)|γ˜j(0)〉|2] returns
to unity after a single (t = T ) and full (t = 2T ) braiding.
Majorana swapping symmetry exists, transforming the
Hamiltonian by SH(−t)S−1 = H(t) and MKPs accord-
ing to Sˆγ1/2Sˆ
−1 = cos(±θb)γ2/1 + sin(±θb)γ˜2/1, and
Sˆγ˜1/2Sˆ
−1 = cos(±θb)γ˜2/1 − sin(±θb)γ2/1. Here the ro-
tating angle θb is system dependent. In particular, if the
braiding Hamiltonian is inversion symmetric with respect
to junction position, one has θb = 0. The braiding opera-
tor is then given by B12 = exp(−piγ1γ′2/4) exp(−piγ˜1γ˜′2/4)
with γ′2 = cos θbγ2 + sin θbγ˜2 and γ˜
′
2 = T γ′2T −1, recover-
ing the non-Abelian braiding.
The above results show a remarkable feature: while
the non-Abelian braiding of MKPs necessitates symme-
try protection, it can be physically well satisfied if the 1D
TR invariant TSC has no dynamical noise. These predic-
tions are confirmed by the numerical simulations shown
in Fig. 7, based on the 1D TSC described by Eq. (1) and
taking into account the random static disorder potential
Vdis =
∑
j
Wj(nj↑ + nj↓), (7)
with disorder strength Wj randomly distributed within
the range of [−W0,W0]. The hopping, Rashba, p-wave
and s-wave pairing strengths are rescaled to be dimen-
sionless and taken as t0 = 10,∆s = 1, ∆p = 2, αR = 1.
In the topological region the chemical potential is set as
µ = 7, with the topological gap without disorder being
Eg ≈ 0.58, and the braiding through the junction is fur-
ther performed by locally tuning µ [Fig. 7(a)]. The non-
Abelian braiding is precisely confirmed for all disorder
strengths without destroying the bulk topology [37]. In-
creasing W0 induces more fluctuations in the Majorana
wave functions in the intermediate evolution, but does
not affect the result after braiding [Fig. 7(b-e)].
Dynamical noise.–Now we proceed to study the effect
of dynamical noise on the braiding. The dynamical noise
may induce random local operations on a single MKP,
leading to the error of the non-Abelian braiding, if the
dynamical noise breaks certain symmetries. For a generic
study, we consider a MKP in a 1D TR invariant TSC, de-
noted as γa and γ˜a, coupled to the bulk fermionic modes,
denoted as cj and with energy j , by a dynamical per-
turbation. The Hamiltonian can be generically described
by H = H0 +Hp, with
H0 =
∑
j
j(c
†
jcj + c˜
†
j c˜j)
Hp = γa
∑
j
(Vj1cj − V ∗j1c†j + Vj2c˜j − V ∗j2c˜†j) + T.P.
where the fermionic modes c˜j = T cjT −1 and T.P.
means TR part of the former term in Hp. The Hamilto-
nian Hp describes the couplings between bulk fermionic
modes and the MKP by the dynamical noise Vjm(t).
The correlation function of the dynamical noise satisfies
〈Vj1(t1)Vj2(t2)〉0 = V 20 Cj(t1 − t2), where V 20 character-
izes the noise strength and Cj(τ) determines the prop-
erty of the correlation function [37, 41]. Besides, we take
the configuration averaging to be 〈Vjm〉0 = 0, since any
nonzero value of this term can be absorbed by redefining
the energy of fermionic states.
We treat the dynamical noise beyond perturbation. By
including all order contributions, the amplitude of transi-
tion from one Majorana (γa) to another (γ˜a), calculated
by χ(t) = 〈γ˜a|Tˆ exp[−i
∫ t
−T/2H(τ)dτ ]|γa〉, is given by
χ(t) = 2V 20
∑
j
∫ t
−T/2
dτ1
∫ τ1
−T/2
dτ2 <
{
[Cj(τ1 − τ2)
−Cj(τ2 − τ1)]eij(τ1−τ2)
}
+ χ(4)(t) + · · · , (8)
where χ(j), with j being even, denotes the j-th order con-
tribution [37]. The above formula exhibits two important
features for the dynamical noise. First, if the noise cor-
relation respects a dynamical TR symmetry in the time
domain, Cj(τ) = Cj(−τ), the coupling χ(t) between γa
and γ˜a vanishes for all order contributions [37], and the
Majorana swapping symmetry is guaranteed. This is a
profound result, showing that the mixing in a MKP must
break either the static TR symmetry (T ) or the dynami-
cal TR symmetry defined via the correlation function of
dynamical noise, and generalizing the TR symmetry pro-
tection of MKPs to the dynamical regime. Moreover, the
4leading transition probability in a MKP is proportional
to |χ(t)|2 ∝ V 40 , which implies that the leading order con-
tribution due to dynamical noise is a second-order tran-
sition, describing the process that a Majorana mode (γa)
virtually transitions to a bulk fermionic state, and then
back to its TR partner (γ˜a). This result is deeply related
to the TR symmetry of the original DIII class TSC, which
excludes the first-order direct coupling in a MKP. Note
that the dynamical noise can also bring about decoher-
ence effect in the Majorana qubits in a D-class chiral
TSC without TR symmetry, where the leading contri-
bution comes from the first-order transition [42]. The
high-order contribution in MKPs implies that while the
dynamical noise is detrimental, the caused error can be
generically reduced if the noise strength is not strong.
For a quantitative study, we consider the Hamilto-
nian (1) for the TSC and a dynamical noise in the form
Hp =
∑
j
Vj [cos(ωt)(cj↑cj↓+h.c.)−cos(ωt+ δφj)nj ], (9)
which describes dynamical fluctuations of frequency ω in
the s-wave pairing and chemical potential (other param-
eter fluctuations are similar), with nj = nj↑ + nj↓. The
phase difference δφj in fluctuating chemical potential and
s-wave pairing is assumed to be position dependent. For
simplicity we take the amplitude Vj ≡ V0, while in real-
ity a random distribution in position is allowed and can
further reduce the error caused by dynamical noise [37],
like the effect of random phase distribution δφj to be dis-
cussed below. It is easy to see that if δφj = 0 over the
system, one has Hp(t) = Hp(−t). Then according to pre-
vious generic discussion the coupling in a MKP vanishes
and the local rotations disappear.
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FIG. 2: (Color online) Numerical simulation of error in braid-
ing D(T ) induced by uniform dynamical noise with strength
V0. The bulk gap Eg = 0.58. Note that for δϕ = 0 and pi, the
local rotations and braiding error disappear.
The numerical results are shown for uniform δφj ≡ δϕ
(Fig. 2) and random (Fig. 3) phase distributions. The
parameters of H0 are the same as those used for numer-
ical simulation in Fig. 7, with the localization length of
MKP λM ≈ 20 sites [38]. The noise frequency is set as
ω = 3/T  Eg, with T = 100. The error or local ro-
tation can be quantified by D = | 〈γ˜a|e−iHET |γa〉 |2. It
can be read that D → 0 as δφ → 0, pi for uniform noise
(Fig. 2), consistent with our above analysis. In the weak
noise regime we find that the results can be approximated
by D(T ) ≈ 1− cos2( V 204E2g 〈γa| sin δφj |γa〉), giving
D ≈ V
4
0
16E4g
〈γa| sin δφj |γa〉2 − V
8
0
763E8g
〈γa| sin δφj |γa〉4.(10)
Here 〈γa| sin δφj |γa〉 denotes the average of random noise
phase δφj experienced by the Majorana mode γa. The
randomness of the noise can be quantified by its spatial
coherence length l0, over which the phases at two posi-
tions are uncorrelated: 〈δφjδφj′〉|j−j′|>l0 = 0. As shown
in Fig. 3(a,b), the effect of dynamical noise is greatly
reduced (or the fidelity of braiding is largely enhanced)
when the noise coherence length l0 is less than the MKP
localization length λM . This confirms an important re-
sult: the non-Abelian braiding of MKPs is restored if the
the random dynamical noise is spatially averaged to be
zero in the Majorana localization length.
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FIG. 3: (Color online) (a) Error in braiding D(T ) induced
by random dynamical noise, versus disorder strength V0 and
coherence length l0. (b) The fidelity of the braiding F(T ) =
|〈γa|e−iHET |γa〉|2. The gap Eg ≈ 0.58 and Majorana local-
ization length λM ∼ 20 sites in the numerical simulation.
Conclusions.–In conclusion, we have developed a com-
plete theory for symmetry protected non-Abelian statis-
tics of MKPs in TR invariant TSCs. While necessitating
symmetry protection, the non-Abelian braiding of MKPs
is shown to be stable against static disorder scatterings,
and be protected even in the presence of dynamical noise,
given that the noise correlation function keeps a dynam-
ical TR symmetry. The results reveal a novel generaliza-
tion of the TR symmetry protection of MKPs to dynam-
ical regime. Moreover, we have shown that in general
the dynamical noise can at most bring about a higher or-
der error to the braiding, which is deeply related to the
symmetry protection of MKPs in the TR invariant TSC.
Besides the manipulation of MKPs via braiding, the sta-
bility of the MKPs against disorder scatterings implies
5that one can also manipulate a single MKP by tuning
local parameters in a controllable fashion. This enables
rich operations of Majorana qubits formed by MKPs, and
may open versatile applications to future quantum com-
putation technologies, in particular, toward the realiza-
tion of universal quantum computations.
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Supplementary Material
I. Effective Hamiltonian approach
A. Definition
The effective Hamiltonian is defined through the the evolution operator by exp[−iHET ] ≡ T−1e−i
∫ T/2
−T/2H(τ)dτ ,
giving that
HE(T ) = iT
−1 log
[
Tˆ e
−i ∫ T/2−T/2 dτH(τ)]
= iT−1 lim
∆t→0
log
[
e−iH(T/2)∆te−iH(T/2−∆t)∆t
· · · e−iH(−T/2+∆t)∆te−iH(−T/2)∆t], (A1)
where ∆t = T/N → 0 with N → ∞. In the following we investigate the symmetry properties of the effective
Hamiltonian and study the sufficient conditions for the non-Abelian braiding of Majorana Kramers’ pairs (MKPs).
Note that we consider a time-dependent Hamiltonian. If at any time t, the Hamiltonian satisfies a symmetry as
RˆiH(t)Rˆ−1 = siH(t), where Rˆ does not depend on time, and s = 1 or −1. If HE also satisfies the same symmetry
RˆiHERˆ
−1 = siHE ,
one can easily obtain that
Rˆe−iHET Rˆ−1 = e−RˆiHERˆ
−1T
= e−isHET
=
{
e−iHET , s = 1,
(e−iHET )†, s = −1. (A2)
Equivalently, the evolution operator U(T ) = exp(−iHET ) transforms as
U(T ) =
{
RˆU(T )Rˆ−1, for s = 1,[
RˆU(T )Rˆ−1
]†
, for s = −1. (A3)
B. The case with s = 1
We consider first the case with s = 1, in which case we shall see that any symmetry respected by H(t) is also
respected by the effective Hamiltonian HE . Actually, we can check straightforwardly that
RˆU(T )Rˆ−1 = lim
N→∞
e−Rˆ[iH(T/2−∆t)]Rˆ
−1∆t · · · e−Rˆ[iH(∆t−T/2)]Rˆ−1∆te−Rˆ[iH(−T/2)]Rˆ−1∆t = U(T ). (A4)
Then from Eq. (A3), we know that the effective Hamiltonian also satisfies the same symmetry denoted by Rˆ. In
particular, if Rˆ is an anti-unitary operator which has complex conjugate K, one shall have RˆH(t)Rˆ−1 = −H(t). An
example is that if the charge conjugation symmetry (denoted as C) is satisfied by the original Hamiltonian H(t) (note
that in this case the definition of the symmetry should be slightly modified to be CH(t)C−1 = −H∗(t)), it must be
satisfied by the effective Hamiltonian.
6C. The case with s = −1
The situation with s = −1, which is the case for the time-reversal symmetry, is very different. It can be found that[
RˆU(T )Rˆ−1
]†
= lim
N→∞
e−iH(−T/2)∆te−iH(∆t−T/2)∆t · · · e−iH(T/2−∆t)∆t, (A5)
which can be different from the evolution operator U(t). Thus the time-reversal symmetry, which is respected by
H(t), can generically be broken in the effective Hamiltonian HE . To have a more concrete picture, we take an example
by considering the following periodically driven Hamiltonian,
H(t) = H0 + 2H1 cosωt+ 2H2 sinωt. (A6)
We shall see that this Hamiltonian is relevant when the dynamical noise is taken into account. To show analytically
how the symmetries are broken in the effective Hamiltonian, we consider the perturbation up to the order of 1/ω2.
The effective Hamiltonian can be obtained by Floquet theory
HE = H0 +
1
ω
[V1, V−1] +
1
2ω2
{
[V1, H0], V−1] + h.c.
}
+O( 1
ω3
)
= H0 +
i
ω
[H1, H2] +
1
ω2
[
2(H1H0H1 +H2H0H2)
+(H21H0 +H
2
2H0 + h.c.)
]
+O( 1
ω3
) (A7)
where V1 = H1 − iH2 and V−1 = V †1 . Note that we require RˆiHjRˆ−1 = −iHj for s = −1, with j = 0, 1, 2, which
follows that RˆiH(t)Rˆ−1 + iH(t) = 0. Thus we have
RˆiHERˆ
−1 + iHE = − 2
ω
[H1, H2] +O( 1
ω3
), (A8)
from which one finds immediately that if [H1, H2] 6= 0, the effective Hamiltonian HE breaks the symmetry Rˆ, while
it is satisfied in the original Hamiltonian H(t).
D. Majorana swapping symmetry and non-Abelian braiding
When the braiding Hamiltonian H(t) respects a Majorana swapping symmetry, defined as Sˆγ1(2)Sˆ
−1 = γ2(1) and
Sˆγ˜1(2)Sˆ
−1 = γ˜2(1), and the operator sends that SˆH(−t)Sˆ−1 = H(t), we can find that
S
[
RˆU(T )Rˆ−1
]†
S−1 = limN→∞ Se−iH(−T/2)∆te−iH(∆t−T/2)∆t · · · e−iH(T/2)∆tS−1
= limN→∞ e−iSH(−T/2)S
−1∆te−iSH(∆t−T/2)S
−1∆t · · · e−iSH(T/2)S−1∆t
= limN→∞ e−iH(T/2)∆te−iH(T/2−∆t)∆t · · · e−iH(−T/2)∆t
= U(T ).
(A9)
Then the effective Hamiltonian satisfies a new TR like anti-unitary symmetry that ΘiHEΘ
−1 = −iHE , where Θ = SˆRˆ.
Since R is anti-unitary, we have ΘHEΘ
−1 = HE . For the present TR invariant topological superconductor, we take
Rˆ to be the TR operator: Rˆ = T = iσyK.
In the presence of charge-conjugation and the new TR like symmetries, the effective Hamiltonian must take the
following generic form
HE = i1γ1γ˜1 − i1γ2γ˜2 + i2γ1γ2 + i2γ˜1γ˜2, (A10)
where 1,2 are parameters to be determined by the definition of braiding. It can be seen that the effective Hamiltonian
HE does not respect the TR symmetry T , nor the Sˆ symmetry, but satisfies
T HET −1 = −HE , SˆHESˆ−1 = −HE , ΘHEΘ−1 = HE . (A11)
7Consider the basis {γ1, γ˜1, γ2, γ˜2}, and the braiding matrix is given by U12 = exp(−iHET ). By a straightforward
calculation we obtain for the single braiding that
U12 =

cos T 1 sin T
2 sin T
 0
− 1 sin T cos T 0 2 sin T
− 2 sin T 0 cos T − 1 sin T
0 − 2 sin T 1 sin T cos T
 .
The braiding exchange MKP positions γ1, γ˜1 ↔ γ2, γ˜2, which forces cos T = 0 and 1 = 0. It follows that
U12γj = B12γjB−112 . (A12)
With this operation we find that a single braiding gives γ1 → γ2, γ˜1 → γ˜2, and γ2 → −γ1, γ˜2 → −γ˜1, rendering the
symmetry-protected non-Abelian braiding of MKPs.
E. Static disorder
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FIG. A1: (Color online) (a-d) Braiding of two MKPs for a single segement of a topological superconductor. The sketched
transporting paths in (e) and (f) govern the effective local rotations of the MKPs γ2, γ˜2 and γ1, γ˜1, respectively, during the
braiding. It can be seen that the two paths are inverse to each other and thus give rise to the opposite local rotations for the
two MKPs if the system has no dynamical noise.
In this subsection we show that the Majorana swapping symmetry defined above can always be constructed if the
system has no dynamical noise. We first show the generic results, and then present the numerical simulation. Let
the total braiding Hamiltonian be denoted as H(t) = H0 + δH(t), where H0 is the static part describing the 1D TR
invariant TSC, and the time-dependent term δH(t) describes the braiding manipulation. Since the system has no
dynamical noise, the time-dependence of δH(t) solely comes from the adiabatic parameter manipulation, e.g. the gate
control, for the braiding. On the other hand, the static disorder can be generically taken into account in the system.
We note that during the braiding manipulation, the static disorder may still induce local rotation on the MKPs.
This effect can be understood in the following way. During the braiding manipulation, the MKPs are transported by
e.g. gate control. In the co-moving frame, the MKPs experience the variation in time of the local parameters of the
Hamiltonian. Such variation may give rise to effective local rotation of the MKPs. As shown below, the key thing is
that the local rotations on the MKPs γ1, γ˜1 and γ2, γ˜2 are exactly opposite.
Fig. A1 and Fig. A2 show the braiding processes for two MKPs on a single segment and two separated segments
of a topological superconductor, respectively. From the sketched manipulations, the local operations on each MKP
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FIG. A2: (Color online) (a-d) Braiding of two MKPs on two separated segments of a topological superconductor. The sketched
transporting paths in (e) and (f) govern the effective local rotations of the MKPs γ2, γ˜2 and γ1, γ˜1, respectively, during the
braiding. Similar to the cases in Fig. A1, the two paths are inverse to each other and thus give rise to the opposite local
rotations for the two MKPs.
are described in (e) and (f) of the two figures. The local operation on the vertical wire of the T-junction is cancelled
due to the inverse control of the system parameters for a braiding. It can be seen that while the local operations on
the MKPs can be generically nonzero, they are opposite for γ1, γ˜1 and γ2, γ˜2 by comparing the transporting paths
shown in (e) and (f) of Figs. A1 and A2. In other words, suppose that the local rotation of γ1, γ˜1 is described by
the mixing angle θb. The corresponding angle for γ2, γ˜2 should be −θb. As a result, we can construct a Majorana
swapping operator Sˆ, transforming the Hamiltonian by SH(−t)S−1 = H(t) and MKPs according to
Sˆγ1/2Sˆ
−1 = cos(±θb)γ2/1 + sin(±θb)γ˜2/1, Sˆγ˜1/2Sˆ−1 = cos(±θb)γ˜2/1 − sin(±θb)γ2/1. (A13)
In particular, if the TSC is inversion symmetric with respect to the junction position between the two MKPs, one has
θb = 0. The braiding operator is generically followed by B12 = exp(−piγ1γ′2/4) exp(−piγ˜1γ˜′2/4) with γ′2 = cos θbγ2 +
sin θbγ˜2 and γ˜
′
2 = T γ′2T −1, recovering the non-Abelian braiding.
Now we present the numerical simulation of the above results, which confirms that the non-Abelian braiding is
valid for the system without dynamical noise, and is completely immune to the static disorder scatterings. For the
numerical simulation, we consider the 1D TR invariant TSC described by
H0 =
∑
〈i,j〉,σ
t0c
†
iσcjσ +
∑
j
(±αRc†j↑cj±1↓+ ∆pcj↑cj+1↑
+∆∗pcj↓cj+1↓ + ∆scj↑cj↓+h.c.)−µ
∑
jσ
njσ (A14)
and random static onsite disorder potential
Vdis =
∑
j
Wj(nj↑ + nj↓), (A15)
with disorder strength Wj randomly distributed within the range of [−W0,W0]. We note that the other type of
disorder, e.g. a random distribution of s-wave pairing or hopping coefficients, give the similar results. We take the
parameters to be dimensionless and t0 = 10,∆s = 1, ∆p = 2, αR = 1. The system can be in topological regime
for |∆p| > |∆s|. In the topological region the chemical potential is set as µ = 7, with the topological gap without
disorder being Eg ≈ 0.58. We demonstrate the braiding through the junction by locally tuning µ in the configuration
shown in Fig. A2(a-d). The non-Abelian braiding of MKPs is confirmed by numerically calculating the magnitude
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FIG. A3: (Color online) Non-Abelian braiding of MKPs immune to static disorder scattering. The setup sketched in Fig. A2
(1-d) is used for the numerical simulation. (a-i) The evolution of MKP wave function in a full braiding with different disorder
strengths W0 (Eg is the bulk gap of the TSC). The non-Abelian braiding of MKPs is confirmed by that the magnitude
η(t = 2T ) = 〈γ1(0)|γ1(t)〉|t=2T = −1 after a full braiding at t = 2T (similar for other Majorana modes). The adiabatic
condition is satisfied in that the projection ζ(t) =
∑
j=1,2[|〈γ1(t)|γj(0)〉|2 + |〈γ1(t)|γ˜j(0)〉|2] returns to unity after a single
(t = T ) and full (t = 2T ) braiding.
η(t) = 〈γ1(0)|γ1(t)〉|, which equals −1 after a full braiding at t = 2T (similar for other Majorana modes), namely,
all the Majorana modes change sign after a full braiding. On the other hand, the adiabatic condition is satisfied in
that the projection of instantaneous Majorana state to the initial modes, given by ζ(t) =
∑
j=1,2[|〈γ1(t)|γj(0)〉|2 +
|〈γ1(t)|γ˜j(0)〉|2], returns to unity after a single (t = T ) and full (t = 2T ) braiding. From the results shown in Fig. A3,
we can see that increasing W0 induces more fluctuations in the Majorana wave functions in the intermediate evolution,
but does not affect the result after braiding. We have numerically checked many more different parameter conditions,
including different configurations of the pairing and chemical potential, and show that the non-Abelian braiding is
precisely valid in all the parameter regimes and different configurations of static disorder potentials without destroying
the bulk topology of the superconductor. With these results, we have confirmed the non-Abelian braiding of MKPs
in the case without dynamical noise.
II. Dynamical noise
A. High-order transitions and dynamical time-reversal symmetry
The dynamical noise may induce random local operations on MKPs if it breaks certain symmetries. Differently
from the effect of static disorder scatterings, such local rotations are random and uncorrelated for different MKPs,
thus leading to the error of the non-Abelian braiding. For a generic study, we consider a MKP in a 1D TR invariant
TSC, denoted as γa and γ˜a, coupled to the bulk fermionic modes (denoted as cj and with energy j) by a dynamical
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perturbation. The Hamiltonian can be generically described by H = H0 +Hp, with
H0 =
∑
j
2j(c
†
jcj + c˜
†
j c˜j)
Hp = γa
∑
j
2(Vj1cj − V ∗j1c†j + Vj2c˜j − V ∗j2c˜†j) + T.P.
where the fermionic modes c˜j = T cjT −1 and T.P. means TR part of the former term in Hp. The Hamiltonian H0
describes the eigenbases of the bulk superconductor, while Hp describes the couplings between bulk fermionic modes
and the MKP by the dynamical noise Vjm(t). The correlation functions of the dynamical noise are given by
〈Vj1(t1)Vj2(t2)〉0 = V 20 Cj(t1 − t2), (A16)
2∑
m=1
〈Vjm(t1)Vjm(t2)〉0 = V 20 Fj(t1 − t2). (A17)
Here V 20 characterizes the coupling strength between Majorana and bulk states, 〈· · · 〉0 denotes the configuration
averaging in time domain, which can be replaced by time averages for an ergodic system
〈Vjm1(t1)Vjm2(t2)〉0 = limT0→∞
∫ T0
−T0
dt
2T0
Vjm1(t)Vjm2(t+ t2 − t1), (A18)
with m1,2 = 1, 2, and Cj(τ) and Fj(τ) determine the properties of the correlation functions. Besides, we take the
configuration averaging to be 〈Vjm〉0 = 0, since any nonzero value of this term can be absorbed by redefining the
energy of fermionic states.
The mixing between the Majorana modes of a MKP can be studied by time-dependent perturbation. The time-
dependent evolution operator U(t) = Tˆ exp(−i ∫ t−T/2H(τ)dτ) reads
U(t) = U0(t)
[
1−i
∫ t
−T/2
dτU†0 (τ)Hint(τ)U0(τ)−
−
∫ t
−T/2
dτ1
∫ τ1
−T/2
dτ2U
†
0 (τ1)Hint(τ1)U0(τ1)U
†
0 (τ2)Hint(τ2)U0(τ2)
] · · · , (A19)
with U0(t) = exp(−i
∫ t
−T/2H0dτ). Expand Hp in the diagonalized Nambu basis (c
†
j , cj , c˜
†
j , c˜j , γa, γ˜a):
Hp =
∑
j
Hp(j), (A20)
Hp(j) = (c
†
j , cj , c˜
†
j , c˜j , γa, γ˜a)

0 0 0 0 v∗j1 vj2
0 0 0 0 −vj1 v∗j2
0 0 0 0 v∗j2 −vj1
0 0 0 0 −vj2 v∗j1
vj1 −v∗j1 vj2 −v∗j2 0 0
vj1
∗vj1 −v∗j2 vj2 0 0
 (c
†
j , cj , c˜
†
j , c˜j , γa, γ˜a)
T .
As is shown in Hp, the direct coupling between different Majorana modes is missing in Hp, thus the 1st order correction
to χ(t) is zero. We first consider the second order correction. The amplitude of transition from one Majorana mode
(γa) to another (γ˜a), calculated by χ(t) = 〈γ˜a|U(t)|γa〉, is shown to be
χ(t) =
∫ t
T/2
dτ1
∫ τ1
T/2
dτ2
〈
γ˜0|U (2)(τ1, τ2)|γ0
〉
0
=
∑
j
∫ t
T/2
dτ1
∫ τ1
T/2
dτ2
〈
[−Vj1(τ1)Vj2(τ2) + Vj2(τ1)Vj1(τ2)]eij(τ1−τ2)
+[−V ∗j1(τ1)V ∗j2(τ2)+V ∗j2(τ1)V ∗j1(τ2)]e−ij(τ1−τ2)]
〉
0
= 2V 20
∑
j
∫ t
−T/2
dτ1
∫ τ1
−T/2
dτ2 <
{[Cj(τ1 − τ2)− Cj(τ2 − τ1)]eij(τ1−τ2)}. (A21)
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In the above formula U (2)(τ1, τ2) = U
†
0 (τ1)Hint(τ1)U0(τ1)U
†
0 (τ2)Hint(τ2)U0(τ2). The higher order perturbation calcu-
lation can be proceeded in a similar way. Note that an odd order perturbation does not contribute to the transition
from one Majorana mode to its time-reversal partner, and an even order perturbation can be derived using the results
of the second order perturbation calculation.
〈γa|U (2)(τ1, τ2)|γa〉 =
∑
j
<
{[
V ∗j1(τ1)Vj1(τ2) + V
∗
j2(τ1)Vj2(τ2)]e
ij(τ1−τ2)
}
=
∑
j
<
{
Aj(τ1, τ2)
}
, (A22)
〈γa|U (2)(τ1, τ2)|γ˜a〉 =
∑
j
<
{[
V ∗j1(τ1)V
∗
j2(τ2)− V ∗j2(τ1)V ∗j1(τ2)]eij(τ1−τ2)
}
=
∑
j
<
{
Bj(τ1, τ2)
}
, (A23)
〈γ˜a|U (2)(τ1, τ2)|γa〉 =
∑
j
<
{[
Vj2(τ1)Vj1(τ2)− Vj1(τ1)Vj2(τ2)]eij(τ1−τ2)
}
=
∑
j
<
{
Cj(τ1, τ2)
}
, (A24)
〈γ˜a|U (2)(τ1, τ2)|γ˜a〉 =
∑
j
<
{
[Vj1(τ1)V
∗
j1(τ2) + Vj2(τ1)V
∗
j2(τ2)]e
ij(τ1−τ2)
}
=
∑
j
<
{
Dj(τ1, τ2)
}
. (A25)
Eqs. (A22) and (A25) describe a process when a Majorana mode (γa/γ˜a) transitions virtually to a bulk fermionic
state (e.g. cj), and then transitions back to its former state (γa/γ˜a), while Eqs. (A23) and (A24) describe a process
when a Majorana mode (γa/γ˜a) transitions virtually to a bulk fermionic state (e.g. cj), and then transitions back to
its TR partner state (γ˜a/γa). Inserting identity matrice into the higher order perturbation calculation can efficiently
simplify the calculation. We have
〈γ˜a|U (2m)(τ1, τ2)|γa〉 =
∫ t
−T/2
dτ1
∫ τ1
−T/2
dτ2 · · ·
∫ τ2m−2
−T/2
dτ2m−1
∫ τ2m−1
−T/2
dτ2m
× 〈γ˜a|U†0 (τ1)Hint(τ1)U0(τ1)U†0 (τ2)Hint(τ2)U0(τ2)
∑
n
|n〉
× 〈n|U†0 (τ1)Hint(τ1)U0(τ1)U†0 (τ2)Hint(τ2)U0(τ2)
∑
n
|n′〉 × · · ·
× 〈n′′|U†0 (τ1)Hint(τ1)U0(τ1)U†0 (τ2)Hint(τ2)U0(τ2)|γa〉, (A26)
where the identity matrix I =
∑
n |n〉〈n|, with |n〉s being the eigenstates of the unperturbed BdG Hamiltonian H0.
A second order transition survives only when the initial and final states are both bulk states and when they are both
Majorana states. Thus the summation over all the eigenstates of H0 including all the bulk states and Majorana states
reduces into the summation over all the Majorana states and Eq. (A26) becomes:
〈γ˜a|U (2m)(τ1, τ2)|γa〉
=
∑
j1
· · ·
∑
jm
∫ t
−T/2
dτ1
∫ τ1
−T/2
dτ2 · · ·
∫ τ2m−2
−T/2
dτ2m−1
∫ τ2m−1
−T/2
dτ2m
×
∑′<{A1(τ1, τ2)} · · · <{Am(τ2m−1, τ2m)}, (A27)
with A1···m = A,B,C,D and
∑′
denoting the summation over all the possible 2m-th order transitions. To accomplish
a 2m-th order transition with γa being its initial state and γ˜a its final state, Term C always appears one more time
than Term B. On the contrary, for a 2m-th order transition with with γ˜a being its initial state and γa its final, Term
B always appears one more time than Term C. While for an arbitrary 2m-th order transition with the same initial
and final states, Term B appears just as often as Term C. In the first case, which is what we are concerned about here,
Term C, which describes a second order transition from one Majorana mode (γa) to its time-reversed partner (γ˜a),
appears at least once. From the above formula we can find two important features of the dynamical noise. Firstly, if
the noise correlation respects a dynamical TR symmetry in the time domain, namely,
〈Vj1ν(τ1)Vj1ν(τ2) · · ·Vjm1(τ2m−1)Vjm2(τ2m) · · · 〉0 = 〈Vj1ν(τ1)Vj1ν(τ2) · · ·Vjm1(τ2m)Vjm2(τ2m−1) · · · 〉0, (A28)
the coupling between γa and γ˜a vanishes, and the Majorana swapping symmetry is guaranteed. This is a profound
result which generalizes the TR symmetry protection of MKP to the dynamical regime. Specially, the dynamical
symmetry can be simply written down as
Cj(τ) = Cj(−τ). (A29)
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Accordingly, to have nonzero couplings within a MKP, the correlation function must break the above dynamical TR
symmetry. Secondly, the leading order transition probability in a MKP is proportional to V 40 , namely
D = |χ(T )|2 ∝ V 40 /E4g +O(V 80 /E8g). (A30)
This implies that the leading order contribution due to dynamical noise is a second-order transition, which describes
the process that a Majorana mode (γa) transitions virtually to a bulk fermionic state (e.g. cj), and then transitions
back to its TR partner (γ˜a). This result is deeply connected to the TR symmetry of the original DIII class TSC,
which excludes the first-order direct coupling in a MKP. Actually, one can easily show that T χ(t)T −1 = −χ(t),
which implies that the second-order indirect transition effectively breaks the TR symmetry if the correlation function
Cj(τ) is not symmetric in time domain. Note that the dynamical noise can also bring about decoherence effect in the
Majorana qubits in a D-class chiral topological superconductor without TR symmetry, where the leading contribution
comes from the first-order transition [42]. The high-order contribution shows that while the dynamical noise may be
detrimental, the caused error can be generically reduced when the noise strength is not strong.
B. Suppression of local mixing for random dynamical noise
For a quantitative study, we consider the Hamiltonian for the TSC and dynamical noise in the forms
H0 =
∑
〈i,j〉,σ
t0c
†
iσcjσ +
∑
j
(±αRc†j↑cj±1↓+ ∆pcj↑cj+1↑
+∆∗pcj↓cj+1↓ + ∆scj↑cj↓+h.c.)−µ
∑
jσ
njσ, (A31)
Hp =
∑
j
Vj [cos(ωt)(cj↑cj↓+h.c.)−cos(ωt+ δφj)nj ]. (A32)
The noise Hamiltonian Hp describes the dynamical fluctuations of frequency ω in the s-wave pairing and chemical
potential (the fluctuations in other parameters, e.g. the SO coupling and p-wave pairing, are similar), with nj =
nj↑+nj↓. The amplitude and phase difference δφj in fluctuating chemical potential and s-wave pairing can in general
be position dependent.
Without loss of the generality, we write down the wave functions of the four Majorana modes γ1, γ˜1, γ2, and γ˜2 by
γ1 =
∑
j
(u1jcj↑ + v1jcj↓) +
∑
j
(u∗1jc
†
j↑ + v
∗
1jc
†
j↓), (A33)
γ˜1 =
∑
j
(u∗1jcj↓ − v∗1jcj↑) +
∑
j
(u1jc
†
j↓ − v1jc†j↑), (A34)
γ2 =
∑
j
(u2jcj↑ + v2jcj↓) +
∑
j
(u∗2jc
†
j↑ + v
∗
2jc
†
j↓), (A35)
γ˜2 =
∑
j
(u∗2jcj↓ − v∗2jcj↑) +
∑
j
(u2jc
†
j↓ − v2jc†j↑), (A36)
where u1j , v1j , u2j , and v2j are superposition coefficients. Rewriting the noise Hamiltonian in terms of the above
Majorana modes yields
Hp ≈ 1
2
∑
j
{
Vj cos(ωt)
[
γ1(u
∗
1jcj↓ − v∗1jcj↑)− γ˜1(v1jcj↓ − u1jcj↑)
+γ2(u
∗
2jcj↓ − v∗2jcj↑)− γ˜2(v1jcj↓ − u1jcj↑)
]
+ h.c.
}
−1
2
∑
j
{
Vj cos(ωt+ δφj)
[
γ1(u1jcj↑ + v1jcj↓)− γ˜1(v∗1jcj↑ − u∗1jcj↓)
+γ2(u2jcj↑ + v2jcj↓)− γ˜2(v∗2jcj↑ − u∗2jcj↓)
]
+ h.c.
}
. (A37)
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Now we can examine the local coupling between γ1 and γ˜1 induced by the dynamical noise through the sec-
ond order transition (the coupling between γ2 and γ˜2 is similar). The noise potential Vj cos(ωt + δφj) =
Vj cosωt cos δφj + Vj sinωt sin δφj . As shown previously, the local couplings require that the noise correla-
tion function breaks the dynamical TR symmetry, for which only the second-order terms proportional to
〈cos(ωt1) sin(ωt2) sin δφj〉0
[|u1j |2〈cj↓(t1)c†j↓(t2)〉 + |v1j |2〈cj↑(t1)c†j↑(t2)〉] contribute to the local mixing in a MKP.
Accordingly, if δφj = 0 over the system, which gives Hp(t) = Hp(−t), the coupling in a MKP vanishes and the local
rotations disappear. With these results in mind and from the above formula (A37) we can show that
D(T ) ≈ 1− cos2[ 〈γa|Vj |γa〉2ωT
12(E2g + 〈γa|Vj |γa〉2)
〈γa| sin δφj |γa〉
]
, (A38)
with a = 1, 2 and
〈γa|Vj |γa〉 =
∑
j
Vj(|u1j |2 + |v1j |2), 〈γa| sin δφj |γa〉 =
∑
j
sin δφj(|u1j |2 + |v1j |2) (A39)
being the weighted averaging of the noise potential and phase within the Majorana localization length. The noise
frequency is assumed to be ω = 3/T  Eg, and for weak noise regime the results can be approximated by
D ≈ 〈γa|Vj |γa〉
4
16E4g
〈γa| sin δφj |γa〉2 − 〈γa|Vj |γa〉
8
763E8g
〈γa| sin δφj |γa〉4. (A40)
The above formula shows that the error induced by dynamical noise is small if the noise strength is not strong.
Moreover, the effect of dynamical noise can be further greatly suppressed when the noise phase or amplitude has a
random distribution within the MKP localization length λM . In this case, the symmetry conditions of the non-Abelian
braiding are approximately recovered by average, and the non-Abelian braiding of MKPs is validated. We note that
the dynamical noise can also bring about decoherence for Majorana qubit states in the TR symmetry breaking SCs,
where the leading order contribution comes from the first order transition. In comparison, the high-order contribution
for the TR invariant TSCs implies that while the dynamical noise may be detrimental, the caused error is negligible
for the weak noise regime.
[1] A. Y. Kitaev, Physics-Uspekhi 44, 131 (2001).
[2] N. Read and D. Green, Phys. Rev. B 61, 10267 (2000).
[3] C. Nayak, S. H. Simon, A. Stern, M. Freedman, and S. Das Sarma, Rev. Mod. Phys. 80, 1083 (2008).
[4] C. Nayak, and F. Wilczek, Nucl. Phys. B 479, 529 (1996).
[5] D. A. Ivanov, Phys. Rev. Lett. 86, 268 (2001).
[6] S. Das Sarma, M. Freedman, and C. Nayak, Phys. Rev. Lett. 94, 166802 (2005).
[7] J. Alicea, Y. Oreg, G. Refael, F. von Oppen, and M. P. A. Fisher, Nat. Phys. 7, 412 (2011).
[8] L. Fu and C. L. Kane, Phys. Rev. Lett. 100, 096407 (2008).
[9] J. D. Sau, R. M. Lutchyn, S. Tewari, and S. Das Sarma, Phys. Rev. Lett. 104, 040502 (2010).
[10] J. Alicea, Phys. Rev. B 81, 125318 (2010).
[11] R. M. Lutchyn, J. D. Sau, and S. Das Sarma, Phys. Rev. Lett. 105, 077001 (2010).
[12] Y. Oreg, G. Refael, and F. von Oppen, Phys. Rev. Lett. 105, 177002 (2010).
[13] V. Mourik, K. Zuo, S. M. Frolov, S. Plissard, E. A. Bakkers, and L. Kouwenhoven, Science 336, 1003 (2012).
[14] M. T. Deng, C. L. Yu, G. Y. Huang, M. Larsson, P. Caroff, and H. Q. Xu, Nano Lett. 12, 6414 (2012).
[15] A. Das, Y. Ronen, Y. Most, Y. Oreg, M. Heiblum, and H. Shtrikman, Nature Phys. 8, 887 (2012).
[16] S. Nadj-Perge, I. K. Drozdov, J. Li, H. Chen, S. Jeon, J. Seo, A. H. MacDonald, B. A. Bernevig, and A. Yazdani, Science,
346, 602 (2014).
[17] J. Liu, A. C. Potter, K. T. Law, and P. A. Lee, Phys. Rev. Lett. 109, 267002 (2012).
[18] X.-J. Liu and A. M. Lobos, Phys. Rev. B 87, 060504(R) (2013); X. -J. Liu, Phys. Rev. Lett. 109, 106404 (2012).
[19] X. Liu, X. Li, D. -L. Deng, X. -J. Liu, S. Das Sarma, arXiv:1602.08093.
[20] X. -L. Qi, T. L. Hughes, S. Raghu, and S. -C. Zhang, Phys. Rev. Lett. 102, 187001 (2009).
[21] J. C. Y. Teo and C. L. Kane, Phys.Rev. B 82 115120 (2010).
[22] A. P. Schnyder, P. M. R. ,Brydon, D. Manske, and C. Timm, Phys. Rev. B 82, 184508 (2010).
[23] C. W. J. Beenakker, J. P. Dahlhaus, M. Wimmer, and A. R. Akhmerov, Phys. Rev. B 83, 085413 (2011).
[24] L. M. Wong and K. T. Law, Phys. Rev. B 86, 184516 (2012) .
[25] S. Nakosai, Y. Tanaka, and N. Nagaosa, Phys. Rev. Lett. 108, 147003 (2012).
[26] F. Zhang, C. L. Kane, and E. J. Mele, Phys. Rev. Lett. 111, 056402 (2013).
14
[27] A. Keselman, L. Fu, A. Stern, and E. Berg, Phys. Rev. Lett. 111, 116402 (2013).
[28] X. -J. Liu, Chris L. M. Wong, and K. T. Law, Phys. Rev. X 4, 021018 (2014).
[29] A. Haim, A. Keselman, E. Berg, and Y. Oreg, Phys. Rev. B 89, 220504 (R) (2014).
[30] E. Gaidamauskas, J. Paaske, and K. Flensberg, Phys. Rev. Lett. 112, 126402 (2014).
[31] F. Zhang and C. L. Kane, Phys. Rev. B 90, 020501(R) (2014).
[32] J. Klinovaja, A. Yacoby, and D. Loss, Phys. Rev. B 90, 155447 (2014).
[33] J. Klinovaja and D. Loss, Phys. Rev. B 90, 045118 (2014).
[34] M. Sato, A. Yamakage, and T. Mizushima, Physica E 55, 20 (2014).
[35] K. Wo¨lms, A. Stern, and K. Flensberg, Phys. Rev. B 93, 045417 (2016).
[36] K. Wo¨lms, A. Stern, and K. Flensberg, Phys. Rev. Lett. 113, 246401 (2014).
[37] See the supplementary material for more details.
[38] In a real Majorana quantum wire, the typical localization length of a Majorana mode can be hundreds of nm to several
µm.
[39] C. S. Amorim, K. Ebihara, A. Yamakage, Y. Tanaka, and M. Sato, Phys. Rev. B 91, 174305 (2015).
[40] D. -L. Deng, S. -T. Wang, K. Sun, and L. -M. Duan, Phys. Rev. B 91, 094513 (2015).
[41] C. W. Gardiner and P. Zoller, Quantum Noise, Springer-Verlag (2004).
[42] G. Goldstein and C. Chamon, Phys. Rev. B 84, 205109 (2011).
